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Abstract 
 
The paper refers to numerical modelling of the hardening process of steel C45. In the algorithm the heat transfer equation, equilibrium 
equations and macroscopic model of phase transformations, basis of CCT diagrams, are used. Coupling between basic phenomena of 
hardening process is considered, in particular the influence of latent heat on the fields of temperature, and also thermal, structural and 
plastic strains and transformation - induced plasticity in the model is taken into account as well. The method of calculating the phase 
transformation during heating applied by the authors uses data from the continuous heating diagram (CHT). The homogenization line of 
austenite determines the end of heating. The influence of austenisation temperature on the kinetics of transformations is taken into account. 
To calculate the increase of martensite content Koistinen-Marburger formula is used. Field of stresses and strains are obtained from 
solutions of finite element method equations of equilibrium in increment form. 
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1. Introduction 
 
Phase transformations of steel in solid state are basic element 
for technology of heat treatment. There is a large number of 
parameters which have marked influence on the hardening 
process concerning both methods of heating and cooling. Sets of 
parameter have influences on hardening determinate progress in 
the numerical method, which are tools developments for modern 
process engineer. These methods can be divided into the 
following types: macroscopic, based on CCT diagrams, and 
microscopic analyzed growth of individual grains of phase on the 
basis of carbon diffusion and balance of energy [1-4].  
One of the most important problems in hardening process 
modeling is taking into account mutual interactions of thermal 
phenomena, phase transformations and mechanical phenomena. In 
mathematical description relations between proper models are 
very complicated, particularly when feedback is considered. In 
numerical model relationships of this type demand the multi-level 
recurrent algorithms or severe limitations of the time step. 
Numerical analysis of heat treatment processes is very 
important problem. However existing mathematical and 
numerical models do not take into account many important 
factors. For full analysis of heat treatment process the field of 
temperature, kinetics of phase transformations, temporary and 
structural stresses should be incorporated [3-6]. 
 
 
2. Thermals  phenomena 
 
The partial differential equation description for unsteady heat 
transfer is used: 
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c T ρ λ  (1) where: λ=λ(T) is the thermal conductivity coefficient, c=c(T) is 
the thermal capacity, ρ is the density and qv=qv(xα,t) is the 
volumetric heat source coming from latent heat of 
transformations, xα is the vector location of considered point. 
In the model a latent heat of transformation as volumetric heat 
source in heat transfer equation is introduced. 
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Changes of temperature, which are caused by latent heat of 
phase transformations, are most visible during cooling process of 
high carbon steel [7,8]. In literature of specific heat of phase 
transformation the models, heat of transformation for particular 
phase (dependent of the temperature and chemical composition) 
are described [7]. In presented paper the results of analysis of Fe-
C-Mn system and constant value of enthalpy for austenite-
martensite transformation are used [3,5,7] (see Fig. 1).  
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Fig. 1. Influence of latent heat of transformation on kinetic of 
phase transformation in the volumetric hardening, the middle 
node of cubical steel element 
 
The equation (1) completed boundary and initial conditions, 
and in finite element method of Galerkin formulation is solved 
[3,6,9]. 
 
 
3. The phase transformations during 
heating and cooling  
 
The proposed model of phase transformations during 
continuous heating uses data from CHT diagram [10,11]. This 
diagram presents decompositions of phases, which are formed 
during heating process. Because start and finish of phase 
transformation strongly depend on heating rate or time of holding, 
dynamical curves Ac1 and Ac3 are used. To define end of heating 
the curve of homogenization of austenite is used (Fig. 2). Above 
this curve can be observed non-advisable growth grains of 
austenite. 
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Fig. 2. The analysis of the diagram CHT, steel C45 
 
In every step the fraction of new phase is calculated on the 
basis of kinetics of the transformation modeled according to 
Johnson-Mehl-Avrami laws. Empirical Avrami equation, derived 
using an assumption of monophase of material [12]. 
To determinate the increment of austenite volume, particularly for 
high rate of heating, the modified Koistinen-Marburger equation 
is used (see Fig. 3) [1,3]: 
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where:  Tsγ is start temperature of austenite formation, Tfγ is 
estimated finish temperature of transformation depend on rate of 
heating. 
The volume fractions  ()( ) t T, . η  growth during time of cooling 
are calculated by Avrami equations. [3,4,12]. 
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where:  ηj is volume fraction of phase formed during cooling 
process, η(i%)  is final fraction of “i”-phase estimation of basis on 
CCT diagrams considered steel.[13,14] 
 
In paper the model, which determinate kinetics of individual 
phases with the use of spline functions is applied. If the phase 
transformation is first in cooling process and time of its start is 
known, then finish time of last phase (tf) is calculated by function 
based on prediction the volume fraction and finish time of first 
transformation (analysis of CCT diagrams): 
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Fig. 3. Strains during austenite formation (heating rate 100°C/s) 
 
If the phase transformation is last and time of its finish is 
known, then start time of first transformation (ts) is determinated 
by equation: 
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where  % η  is estimated volume fraction of the last phase. 
Whereas, if the phase transformation takes place between 
another, then start and finish time of transformation basis on time 
of end and volume fraction previous transformation, and 
predictions time  () () ( ) ( ) % 2 2 % 1 1 , , , η η t t t t s s =  of end and volume 
fractions considered phase is determined:  
 
() ()
() () ()
() ()
()() () % 2 % 1
% 1
% 1
,
2
% 2
1
ln exp
η η
η
η
η
N
m
A
B
s
t
B
A
t
t
⎟ ⎟
⎟
⎟
⎟
⎟
⎠
⎞
⎜ ⎜
⎜
⎜
⎜
⎜
⎝
⎛
⎟
⎟
⎠
⎞
⎜
⎜
⎝
⎛
⋅ −
=
=
 (7) 
 
The coefficients A(), B(), and N() are calculated using 
following formulas: 
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The phase transformation during the high-rate cooling 
(transformation austenite to martensite) is determined by classic 
form of Koistinen-Marburger equation (for T<Ms) [1,10,15] 
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where: σa - average stress, σef - effective stress, σ
D - deviatoric 
stresses,  AM and BM coefficients are equal to AM = 1.25×10
-6 
[K/Pa], BM = 0.75×10
-6 [K/Pa], for C45 steel [10]. 
It can be noticed that temperature Ms lowers when average 
stress is less than zero, otherwise Ms raises. Effective stress 
always increases temperature Ms, so the austenite – martensite 
transformation is accelerated. 
The increase of isotropic strain resulting from the temperature 
and phase transformation (dε
Tph) during heating and cooling is 
described by formula [3]: 
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where:  i α  is a thermal expansion coefficients for “i” phase,   
is a structural expansion coefficients for “i” transformation.  
ph
i ε
The kinetics of phase transformations during cooling strongly 
depend on austenisation temperature, therefore model, which 
exploits two CCT diagrams for C45 steel (880 °C and 1050 °C 
austenisation temperature), was developed [13,14]. Displaced 
diagrams with respect to each other are used to determine 
intermediate diagrams using linear approximation [3]. 
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Where  Aust γ  is described by formula [9]: 
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The presented numerical model for numerical simulations of 
strains during phase transformation of cooling for two-
austenisation temperature (880 and 1050°C) is used [13,14]. 
The experimental analysis was applied in numerical model, 
and some were used as a comparative material to verify the 
model. The objects of research were specimens made of rolled 
round iron from C45 steel (norm PN-93/H-84019). The research 
was done on two thermal cycle simulators: SMITWELD TCS 
1405 (perpendicular specimens measuring 11×11×55 mm, with 
center hole φ4, for high cooling rate), which is the property of 
Institute of Mechanics and Machine Design of Technical 
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specimens  φ4/2×10 mm and for the rate of cooling ≥ 50 °C/s 
φ4/3×10 mm), which is on equipment of Institute for Ferrous 
Metallurgy of Gliwice. In the experimental research, phase 
transformations during the cooling of continuous steel 45 exposed 
to quick heating and cooling with different rates (heating - 
100°C/s, cooling - 10, 20, 30, 50, 100, 200 i 250 °C/s), were 
investigated. The research dealt with: phase transformations of the 
austenite steel C45 during the simulated quenching cycle 
(dilatometric tests), determination of thermal and structural 
expansion coefficients of the individual phases of the steel and 
determination of thermal and structural expansion coefficients of 
the individual phases of the steel. (Figs. 4 and 5) 
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Fig. 4 Experimental and simulated dilatometric curves - 30°C/s 
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Fig. 5. Experimental and simulated dilatometric curves - 200°C/s 
 
Experimental research and numerical simulations dilatometric 
curves, assign these values (thermal and structural expansion 
coefficients). For the C45 steel they have the values: 2.18, 1.53, 
1.53, 1.17 and 1.36 (×10
-5) [1/K] and -1.99, 1.53, 1.53, 4.0 and 6.5 
(×10
-3) for austenite, ferrite, pearlite, bainite and martensite 
respectively [3,4]. 
4.  Strains and stresses 
 
The heat treatment process of steel elements causes a sudden 
change in stress fields. This change is the result of different types 
of strains. In the presented model, except elastic (ε
e), thermal (ε
T), 
structural (ε
ph), plastic (ε
pl) and transformations strains (ε
tp) are 
taken into accounts as well (ε=ε
e+ε
T+ε
ph+ε
pl+ε
tp) [4,9,10,16]. In 
presented model increment of plastic strain is determined by 
nonisothermic plastic flow law. 
The constitutive relations are assumed in the form: 
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where:   is tensor of stress,   is tensor of material constants.  σ D
The actual level of effective stress () σ  is depended on 
temperature and composition of phase: 
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where:  0 σ  is the yield point,   is the effective plastic strain, 
pl
ef ε
κ  is the hardening modulus. 
The yield point depends on volume fractions of phase and is 
completed by nonlinear influence of hard phase (martensite) [10]: 
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where:  i σ ,  M σ  are the yield points of particular phases [6], 
values of function  ( ) M f f η =  is calculated following: 
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Transformations induced plasticity ( ) are non-reversible 
changes observed during phase transformations occurring under 
loading (in state of stress). In the model based on Greenwood-
Johnson mechanism transformations the induced plasticity is 
described by [3,6,16]: 
tp ε
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η & & ∑ =
σ
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2
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where:  ( ) V V K i i 6 / 5δ =  is a parameter depended on change of 
volume during growth of “i” phase,  () () i i F η η ln − =  (Leblond 
[10,16]) is a function which determine kinetics of transformation 
plasticity. 
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The numerical simulation of the hardening process was made 
for the cubic steel element (dimensions 0,035×0,035×0,035 [m]). 
Heating was modeled by superficial heat source (Neumann 
condition), taking qn=10
6 [W/m
2]. After obtained maximum 
temperature equal 1673 K in corners (temperature in the middle of 
cube in this time was 961 K, Ac1=1058 K), the element was 
cooled in water of temperature 333 K (60°C). Simulation of 
cooling was finished after leveling cube and water temperatures. 
The temperature dependence of convective heat transfer 
coefficient was described as a piecewise linear function. Values of 
these coefficients were determined in the experimental research 
[17]. 
In the simulation of stresses was assumed, that values of 
Young’s and tangential modulus were constant, value of 
tangential modulus was equal to: Et=0.1×E. The yield points was 
determined from values of experimental research from paper [6]. 
These values were approximated by piecewise linear function. 
The analysis of numerical simulation indicated that hardening 
element, which was made from C45 steel, was not full hardened 
(see Figs. 6 and 7). Therefore that the water temperature was 
increased, the through hardening has not occurred. 
 
 
Fig. 6. The field of martensite - cross-sections 
 
For this hardening the maximum level of effective stresses 
were 500 [MPa] and the value of maximal effective plastic strains 
was equal 0.008 (comp. Figs. 8÷9). 
 
Fig. 7. The field of martensite - external surface 
 
 
Fig. 8. The effective stresses - cross-sections 
 
 
Fig. 9. The effective stresses - external surface 
 
 
ARCHIVES of FOUNDRY ENGINEERING Volume 10, Issue 1/2010, 83-88  876. Conclusions 
 
The results of the numerical model of phase transformations 
are in good conformity with the results of the experimental 
researches (Figs. 4 and 5). The thermal and structural expansion 
coefficients of the individual phases of the C45 steel determined 
from the dilatometric tests allow calculating the strains of heat-
treated steel elements. Taking into account latent heats of 
transformation change in great agreement the kinetics of phase 
during hardening (Fig. 1). The calculation of volumetric increase 
of austenite for high rate of heating from Avrami equation is not 
accurate, therefore the modified Kointinen-Marburger equation is 
used (Fig. 3). The kinetics of phase transformations during 
cooling strongly depends on austenisation temperature. If more 
diagrams CCT for different heating parameters are used, then 
presented model will be more accurate. The results of numerical 
simulation should be verified experimentally. Developed 3D 
model allows to simulate the hardening processes for free forms 
of machine elements. 
 
 
References 
 
[1] D.P. Koistinen, R.E. Marburger, A general equation 
prescribing the extent of the autenite-martensite 
transformation in pure iron-carbon alloys and plain carbon 
steels, Acta Mettalica, 7 (1959) 59-60. 
[2]  Y.J. Lan, D.Z. Li, Y.Y. Li, Modeling austenite 
decomposition into ferrite at different cooling rate in low-
carbon steel with cellular automaton method, Acta 
Materialia, 52 (2004) 1721–1729. 
[3]  A. Kulawik , Numerical analysis of thermal and mechanical 
phenomena during hardening processes of the 45, PhD 
Thesis, Częstochowa (2005), (in Polish). 
[4]  A. Bokota, A. Kulawik, Model and numerical analysis of 
hardening process phenomena for medium-carbon steel. 
Archives of Metallurgy and Materials, 52(2), (2007), 337-
346. 
[5]  E.P. Silva, P.M.C.L. Pacheco, M.A. Savi, On the thermo-
mechanical coupling in austenite-martensite phase 
transformation related to the quenching process, International 
Journal of Solids and Structures, 41 (2004) 1139-1155. 
[6]  M. Coret, A. Combescure, A mesomodel for the numerical 
simulation of the multiphasic behavior of materials under 
anisothermal loading (application to two low-carbon steels), 
International Journal of Mechanical Sciences, 44 (2002) 
1947-1963. 
[7] K.J. Lee, Characteristics of heat generation during 
transformation in carbon steels, Scripta Materialia, 40 (1999) 
735–742. 
[8]  J.L. Lee, J.K. Cheny, Y.T. Pan, K.C. Hsieh, Evaluation of 
transformation latent heat in C-Mn steels, ISIJ International, 
39 (1999) 281-287. 
[9]  M. Kleiber, Finite element method in nonlinear continuum 
mechanics, Warszawa-Poznań, (1985), (in Polish). 
[10] H.J.M. Geijselaers, Numerical simulation of stresses due to 
solid state transformations. The simulation of laser 
hardening, Proefschrift, (2003). 
[11] J. Orlich, A. Rose, P. Wiest, Atlas zur Wärmebehandlung 
von Stähle, III Zeit Temperatur Autenitisierung Schaubilder, 
Verlag Stahleisen MBH, Düsseldorf (1973) 
[12] M. Avrami, J. Chem. Phys. 7, 1103, (1939). 
[13] F. Wever, A. Rose, Atlas zur Wärmebehandlung von Stähle, 
Verlag Stahl Eisen MBH, Düsseldorf (1954). 
[14] F. Wever, A. Rose, Atlas zur Wärmebehandlung von Stähle, 
I Zeit Temperatur Umwandlungs Schaubilder, Verlag Stahl 
Eisen MBH, Düsseldorf (1961). 
[15] B. Chen, X.H. Peng, S.N. Nong, X.C. Liang, An incremental 
constitutive relationship incorporating phase transformation 
with the application to stress analysis, Journal of Materials 
Processing Technology, 122 (2002) 208-212. 
[16] L. Taleb, N. Cavallo, F. Waeckel, Experimental analysis of 
transformation plasticity, International Journal of Plasticity, 
17 (2001) 1-20. 
[17] C.H. Gür, A.E. Tekkaya, Numerical investigation of non-
homogeneous plastic deformation in quenching process, 
Materials Science and Engineering, A319-321 (2001) 164–
169. 
 
 
 
 
 
ARCHIVES of FOUNDRY ENGINEERING Volume 10, Issue 1/2010, 83-88  88